We find and describe unexpected isomorphisms between two very different objects associated to hypersurface singularities. One object is the Milnor algebra of a function, while the other object associated to a singularity is the local ring of the flatness stratum of the singular locus in a miniversal deformation, an invariant of the contact class of a defining function. Such isomorphisms exist for unimodal hypersurface singularities. However, for the moment it is badly understood, which principle causes these isomorphisms and how far this observation generalises. Here we also provide an algorithmic approach for checking algebra isomorphy.
Introduction
Let X 0 ⊆ C n be a germ of an isolated hypersurface singularity defined by an analytic function f (x) = 0, f ∈ C{x}. An imported topological invariant of the germ is the Milnor number, which can be computed as the C-dimension of the so-called Milnor algebra Q(f ) = C{x}/(∂f /∂x), [Mil68] . The Milnor algebra carries a canonical structure of a C[T ]algebra defined by the multiplication with f . A special version of the Mather-Yau theorem states that the R-class (right-equivalence class) of the function f (x) with isolated critical point is fully determined by the isomorphism class of Q(f ) as C[T ]-algebra [Mar85] . However, there is richer structure on the Milnor algebra connected with the relative Milnor algebra associated to a universal unfolding F (x, s) of the function f (x) and the associated Frobenius manifold. A moduli space functions with respect to R-equivalence can be constructed from it [Her02] . This will be not discussed here. By computational experiments, we have found another occurrence of the Milnor algebrathis time connected with the K-class (the contact equivalence class) of f (x), i.e. with the isomorphism-class of the germ X 0 . Our observation concerns unimodal functions that are not quasihomogeneous. Here we consider a miniversal deformation F : X → S of the singularity X 0 . It has a smooth base space of dimension τ , with τ being the Tjurina number, i.e. the C-dimension of the Tjurina algebra T (f ) := Q(f )/f Q(f ). We consider the relative singular locus Sing(X/S) of X over S and its flatness stratum F := F S (Sing(X/S)) ⊂ S, which depends only on X 0 , up to isomorphism. The flatness stratum is computable for sufficiently simple functions using a special algorithm [Mar02] . Surprisingly, the local ring of the flatness stratum of a unimodal singularity is isomorphic in all computed cases, either to the Milnor algebra of the defining function (in case dim(F) = 0), or to the Milnor algebra of a 'nearby' function with non-isolated critical point, otherwise. The notion of a modular stratum was developed by Palamodov, [Pal78] , in order to find a moduli space for singularities. It coincides with the flatness stratum F = F S (Sing(X/S)) [Mar03] , which has been described for unimodal functions in [Mar06] . Only for some singularities from the T-series the modular stratum has expected dimension 1 with smooth curves and embedded fat points as primary components. The combinatorial pattern of its occurrence was found and the phenomenon of a splitting singular locus along a τ -constant stratum was discovered. Here we extend our observation that the modular stratum is the spectrum of the Milnor algebra of an associated non-isolated limiting singularity. The modular stratum is a fat point of multiplicity µ isomorphic to Spec Q(f ) in all other (computed) cases of T -series singularities. The same holds for all 14 exceptional and nonquasihomogeneous unimodal singularities. In the case of a quasihomogenous exceptional singularity, the modular stratum is a smooth germ, hence corresponding to a trivial Milnor algebra. For completeness, we will first recall the basic results on modular strata and prove that they are algebraic. Second, we collect and complete results on the modular strata of unimodal functions, which are already found in [Mar06] . Subsequently, some of the non-trivial unexpected isomorphisms are presented. A further example of higher modality is discussed in section 4. Hypotheses towards a possible generalisation of these experimental results are formulated. Finally an algorithmic approach is outlined, how to perform a check of algebra isomorphy using a computer algebra system, knowing that there is no practical algorithm in general. All computations were executed in the computer algebra system Singular [GPS02] .
Characterisations of a modular germ
The definition of modularity was introduced by Palamodov, cf. for instance [Pal78] , and was simultaneously discussed by Laudal for the case of formal power series under the name 'prorepresentable substratum'. While this notion can be considered for any isolated singularity with respect to several deformation functors or to deformations other objects, cf. [HM05] , for simplicity we restrict ourselves mostly to the following case: a germ of an isolated complex hypersurface singularity X 0 = {f (x) = 0} ⊆ C n , or an isolated complete intersection singularity (ICIS). A deformation of X 0 is a flat morphism of germs F : X −→ S with its special fibre isomorphic to X 0 . It is called versal, if any other deformation of X 0 can be induced via a morphism of the base spaces up to isomorphism. It is called miniversal, if the dimension of the base space is minimal. Miniversal deformations exists for isolated singularities and are unique up to a non-canonical isomorphism. In case of a hypersurface, a miniversal deformation has a smooth base space, i.e. the deformations are unobstructed. It can be represented as an 'embedded' deformation F :
Obviously, a miniversal deformation has not the properties of a moduli space, because there are always isomorphic fibres or even locally trivial subfamilies. Hence the inducing morphism of another deformation is not unique. One can, however, look for subfamilies of a miniversal deformation with this universal property.
Definition 1.1. Let F : X → S be a miniversal deformation of a complex germ X 0 . A subgerm M ⊆ S of the base space germ is called modular if the following universal property holds: If ϕ : T → M and ψ : T → S are morphisms such that the induced deformations ϕ * (F |M ) and ψ * (F ) over T are isomorphic, then ϕ = ψ.
The union of two modular sub germs inside a miniversal family is again modular. Hence, a unique maximal modular subgerm exists. Its is called modular stratum of the singularity. Note, that any two modular strata of a singularity are isomorphic by definition.
Example 1.2. If X 0 is an isolated complete intersection singularity with a good C * -action, i.e. defined by quasihomogeneous polynomials, then its modular stratum coincides with the τ -constant stratum and is smooth, cf. [Ale85] .
Palamodov's definition of modularity is difficult to handle. It made it challenging to find nontrivial explicit examples. Even the knowledge of the basic characterisations of modularity in terms of cotangent cohomology, which were already discussed by Palamodov and Laudal, did lead to identify more examples.
Proposition 1.3. Given a miniversal deformation F : X → S of an isolated singularity X 0 , the following conditions are equivalent for a subgerm of the base space M ⊆ S:
iii) M has the lifting property of vector fields of the special fibre:
Note, that T 0 corresponds to the module of associated vector fields, while T 1 describes all infinitesimal deformations. It is given here by the (relative) Tjurina algebra T 1 (X/S) = T (F ) = C{x, s}/(F, ∂ x F ). As a corollary the tangent space of the modular stratum inside the tangent space of S can be identified in terms of the cotangent cohomology. The infinitesimal deformations are identified with the tangent vectors to the base space by construction of a miniversal deformation, i.e. T 1 (X 0 ) ∼ = T 0 (S).
Lemma 1.4. Take the Lie bracket in degree (0, 1) of the tangent cohomology
then an element t ∈ T 1 (X 0 ) is tangent to M ⊆ S, iff the Lie bracket map [−, t] vanishes.
For a hypersurface singularity defined by a function f 0 , any element δ ∈ T 0 (X 0 ) is represented by a derivation δ h ∈ Der(C{x}), such that δ h (f 0 ) = hf 0 for some h ∈ C{x}. A tangent vector t ∈ T 0 (S) corresponds to an infinitesimal deformation f t (
Then t is tangent to the modular stratum iff any δ is liftable to a derivation of Der C[ε] (C{ε, x}/(f t )). Such a lift is represented byδ = δ h + εδ withδ(f t ) = (h + εh)f t . We can find such a lift by representing [δ, t] as zero-class in T (f ).
Example 1.5. For a quasihomogeneous singularity, the only non-trivial derivation in T 0 (X 0 ) is the Euler derivation δ E = w i x i ∂/∂x i induced from the weights w i of the coordinates. δ E (f ) = f holds. Take a tangent vector t ∈ T 0 (S) corresponding to a quasihomogenous g(x), then [δ E , t] = class((deg w (g) − 1)g(x)) ∈ T (f ) is zero iff deg w (g) = 1. Hence, the tangent space to the modular stratum corresponds to the zero graded subspace with respect to the associated grading of T 0 (S) ∼ = T 1 (X 0 ).
All objects are belonging to the category of analytic germs. But an isolated singularity is always algebraic, i.e. its defining equations can be chosen as polynomials. It is not ad hoc clear whether the modular stratum is algebraic, too, and to our knowledge it has not been investigated. Here, we add the proof for an ICIS.
Lemma 1.6. Let X 0 be a germ of an isolated complete intersection singularity. Then its modular stratum M (X 0 ) ⊂ C τ is an algebraic subgerm.
The proof uses the characterisation of modularity as flatness stratum of the Tjurina-module. A more general result holds under weaker assumptions than ICIS, too, cf. [Mar03] .
Proposition 1.7. Let X 0 ⊆ C n be an isolated complete intersection singularity defined by p equations f ∈ C{x} p with miniversal deformation F : X → S. Then the modular space coincides with the flatness stratum of the relative Tjurina module
Proof of the lemma:
We may choose the defining equations f = (f 1 , . . . , f p ) of the germ X 0 as polynomials by finite determination of isolated singularities. The affine variety defined by these polynomials V (f ) ⊂ C n has in general other singularities than the zero point. But, we can choose the embedding (not necessary minimally) such that Sing(V (f )) is concentrated at zero. This holds if and only if global and local Tjurina number are equal • The support of T 1 (X/S, O S ) is exactly the relative singular locus of the mapping germ F : C n × S −→ C p × S over S. In case of a hypersurface, i.e. p = 1, T 1 (X/S, O S ) coincides with the O S -algebra of the relative singular locus, that is the relative Tjurinaalgebra T (F ) = O Sing(X/S) .
• The support of the flatness-stratum F O S (Sing(X/S)) is the τ -constant stratum, because
• It follows from a non-trivial result, cf. [LR76] , that the germ of the µ-constant stratum is irreducible. But the analogous statement for the τ -constant stratum does not hold, see below. This phenomenon we have called splitting singular locus inside the τ -constant stratum.
• The possible reducibility of F O S (Sing(X/S)) causes that a 'correct' τ -constant stratum of a deformation has to be considered in the category of deformations of multi-germs, or one has to be aware that under τ -deformations a singular germ may split into a multi-germ.
Computing the modular germs of unimodal singularities
Applying the algorithm for computing the flatness stratum, cf. [Mar02] , we can compute the modular stratum of not too complicated singularities. More precisely, the output of the algorithm is the k-jet of the germ of the flatness stratum for some positive integer k. If the modular stratum is a fat point we are done with some big number k. We can not prove or even expect in general to end up with an algebraic representation. But, it does occur, as visible in the examples given below. The classification of singularities starts with the simple singularities, the ADE-singularities. These are all quasihomogeneous, their modular strata are all trivial, i.e. simple points. Following the classification of functions by Arnol'd, [AGZV85] , the next more complicated singularities are the unimodal ones. They are characterised by the fact, that in a neighbourhood of the function only R-orbit families occur, which are depending at most on one parameter. Recall their classification: We have the T -series singularities and 14 so called exceptional unimodal singularities. We may restrict their representation to three variables up to stable equivalence (i.e. adding squares of new variables). Any type is representing an one-parameter µ-constant family of R-equivalence classes. The exceptional ones, cf. table, are all semiquasihomogeneous. Thus, the µ-constant family can be written as
is the Hesse form of f 0 . Such a family splits into exactly two K-classes, one quasihomogeneous (λ = 0) and one semiquasihomogeneous (λ = 0, we call it of Hesse-type),and τ (f 1 ) = µ(f 1 ) − 1 holds. The modular strata of the quasihomogeneous singularities are trivial (simple point), while the modular strata of the semi-quasihomogeneous ones are fat points of multiplicity µ. The singularities of the T -series are defined by the equations T p,q,r : x p + y q + z r + λxyz,
For 1 p + 1 q + 1 r < 1, λ = 0, the singularity T p,q,r is called hyperbolic and its K-class is independent of λ. Its Newton boundary has three maximal faces and the singularity is neither quasihomogeneous nor semi-quasihomogeneous. We have τ (T p,q,r ) = µ(T p,q,r )−1 = p+q+r−2.
In exactly three cases we have 1 p + 1 q + 1 r = 1. These singularities are quasihomogeneous.
They are called the parabolic singularities P 8 , X 9 and J 10 in Arnold's notation or elliptic hypersurface singularitiesẼ 6 ,Ẽ 7 andẼ 8 , in Saito's paper [Sai74] :
It is well known that their K-classes (here equal to the R-classes) are not determined by λ.
The K-equivalence induces a discrete equivalence relation on the λ-line with the indicated gaps. Its quotient is an affine line parametrised by the classical j-invariant of elliptic curves.
Other normal forms of the elliptic singularities exists, where the connection to elliptic curves and the j-invariant can be seen more easily better seen:
. Note, that the families T 4,4,2 (λ) and T 6,3,2 (λ) are not contained in a miniversal family. They form a double covering of the τ -constant line in a miniversal deformation, which can be demonstrated by substituting z → z − (1/2)λxy:
i.e. these types are stable equivalent to functions of two variables. In all three cases the K-equivalence relations on the ν-lines are induced by an action of the permutation group S 3 , while on the λ-lines the relations are induced by more complicated actions of finite groups. In order to obtain simpler and unified formulae, we will not reduce the representation of the flatness-strata of T -series functions of corank 2 of the Hesse form with respect to the double covering map over the modular strata. Some modular strata for the T -series are discussed as far as computed in [Mar06] . We recall these results and will study their properties in more detail. Obviously, the modular strata of the three parabolic (quasihomogeneous) function are smooth curves. The modular strata of the hyperbolic singularities are more complicated. Some of them are 1-dimensional, others are just fat points. The 1-dimensional modular strata are all reducible. The regularity of the appearance of 1-dimensional components was already stated in [Mar06] .
A hyperbolic singularity of type T p,q,r is adjacent to another T-series singularity iff all three parameters (p, q, r) are greater or equal to the parameters of the second. Hence any hyperbolic singularity is adjacent to at least one parabolic singularity. Inspecting the list we find exactly six types of hyperbolic singularities, which have the same Tjurina number as an adjacent parabolic singularity: If two of the numbers (p, q, r) are the same as of the parabolic one, the third had to differ by one. Such types are candidates for possessing a 1-dimensional modular stratum.
Proposition 2.1. The following six 'exceptional' hyperbolic singularities are adjacent to a parabolic singularity of same Tjurina number and have a τ -constant line in their miniversal deformation: T 4,3,3 =⇒ P 8 , T 4,4,3 , T 5,4,2 =⇒ X 9 , T 6,3,3 , T 6,4,2 , T 7,3,2 =⇒ J 10 .
Indeed a τ -constant line is given by f t = f 0 + tg, where g stands for the missing monomial of the associated parabolic singularity.
Example 2.2. f t := x 4 + y 3 + z 3 + xyz + tx 3 is a τ -constant deformation of T 4,3,3 with generic fibre type P 8 . The modular deformation f t fits into the λ-line of P 8 (λ) at infinity: f t ∼ K P 8 (t −1/3 ) for t = 0, i.e. we get a threefold covering of the λ-line, λ = 0, by the t-line, t = 0. We may think of a compactification of the modular λ-line of P 8 at infinity with a point corresponding to the T 4,3,3 -singularity.
Example 2.3. The same holds for T 4,4,3 and T 5,4,2 with respect to X 9 . But, this causes two different compactifications of the same modular family over the punctured disc X 9 (1/λ), λ > N , at the special point zero to a modular family over the disc. We obtain a first example of the failure of separation property for a 'hypothetical' moduli space of function with respect to K-equivalence that could be constructed by gluing representatives of modular germs. In all three cases the support of the modular stratum is the indicated τ -constant line, but it has a non-reduced structure generated by an embedded fat point at zero. Equations are given below.
The situation is more complicated for the three types associated with J 10 . While the above observation holds similar for T 7,3,2 , we find new phenomena for the types T 6,4,2 and T 6,3,3 . The modular stratum of the first has another line component and the second even has three line components.
Example 2.4. T 6,4,2 is adjacent to J 10 as well as to X 9 . While one line component has simple type J 10 , the other line is a modular family defined by the equation x 6 + y 4 + z 2 + xyz + 2tx5 + t 2 x 4 . Here, the fibre at t = 0 has a singularity of type X 9 . Hence it is not τ -constant as deformation of germs (with zero-section). Why is it modular? The affine hypersurface V (f t ) has another singularity at point (−t, 0, 0) of type A 1 . The Tjurina numbers of both singularities add to 10 and the A 1 -point approaches zero as t goes to zero, i.e. f t is τ -constant as deformation of multi-germs. We call such a modular deformation a τ -constant splitting line. The singular point of the special fibre splits into two singularities under the deformation. The two line components form the reduced modular stratum, which is completed again by a fat point at zero.
Example 2.5. T 6,3,3 is adjacent to J 10 as well as to P 8 . First we find two τ -constant lines of identical simple type similar to example 2.2 and caused by the additional symmetry of two equal parameters:
x 6 + y 3 + z 3 + xyz + ty 2 and, resp. x 6 + y 3 + z 3 + xyz + tz 2 .
The third line is a splitting line with generic singularity P 8 at zero and A 2 at (−t, 0, 0)
The question arises, which of the T -series singularities have one splitting line and which have more than one line component in their modular stratum. What shape has the modular stratum of the other T -series singularities? The following was shown in [Mar06] .
Proposition 2.6. Any of the six 'exceptional' hyperbolic singularities given above is heading an exceptional sub-series of T p,q,r , whose modular strata contain a splitting line.
Comments:
• The six exceptional sub-series are T k,3,3 , k > l = 4, T k,4,2 , k > l = 5, T 4,4,k , k > l = 3, T k,3,2 , k > l = 7, T 6,k,2 , k > l = 4, T 6,3,k , k > l = 3.
• The families over the splitting lines with index k are given by (up to the obvious permutation of variables)
• The fibre singularities over t = 0 are a singularity of the associated parabolic type and one singularity of type A k−d−1 .
• We find three cases with two splitting lines of same type due to the symmetry of parameters, all associated to J 10 :
T 6,6,2 , T 6,6,3 , T 6,3,3 , of splitting types J 10 + A 2 , J 0 + A 3 and P 8 + A 2 respectively, and T 4,4,4 has three lines of identical type X 9 + A 1 .
• We have two types that have splitting lines to different parabolic types:
T 6,4,2 has two lines of types X 9 + A 1 and, resp. J 10 , T 6,3,3 has one lines of type P 8 + A 2 and two lines of type J 10 .
These are cases of multi-component modular strata of the exceptional sub-series.
• The modular strata of these singularities have besides the lines another embedded primary component (a fat point). The only exception is the highly symmetric singularity T 4,4,4 , whose modular stratum is the transversal crossing of three lines.
All other computed examples of modular strata of T -series singularities, not belonging to the above six exceptional sub-series, are fat points. We cannot prove this in general, but the clear combinatorial pattern of the occurrence of positive dimensional modular strata is a strong indication that the exceptional sub-series together with the parabolic singularities are the only unimodal singularities with a 1-dimensional modular stratum. As in the case of the 14 exceptional semi-quasihomogeneous singularities, the fat points have multiplicity µ = µ(f ), the Milnor number of the singularity. It was already demonstrated that even the Hilbert function of the fat point coincides with the Hilbert function of the Milnor algebra of the singularity, cf. [Mar06] .
New explicit results on modular strata
A careful inspection of the cases of many computation produced further results about the modular strata of unimodal functions. While the picture is complete for all 14 exceptional functions, the new propositions for the T -series singularities has been checked for all functions of Milnor number smaller than 45. It is be seen from the examples that a general proof fails, because of the complexity of the occurring equations. We list our results, but discuss only some examples in full detail.
Proposition 3.1. All 14 exceptional semi-quasihomogeneous unimodal singularities fulfil: The local ring of their modular stratum is isomorphic to their Milnor algebra.
Below we will discuss in detail the non-trivial isomorphisms for three singularities. This is a consequence of 3.4, provided the proposition can be proved for all values of the parameters.
Proposition 3.3. The local algebra of a modular stratum is isomorphic to the Milnor algebra of a non-isolated singularity for the five T -series singularities of the exceptional sub-series with 2 or 3 line-components:
Q(xyz) for T 4,4,4 , and T 6,3,3
Q(x 2 + xyz) for T 6,4,2 and T 6,6,2 , Q(x 3 + xyz) for T 6,6,3 .
Again this follows from the equations below, see example 3.5.
Proposition 3.4. The equations of the modular stratum of a hyperbolic T -series singularity of corank 3 are given by the formulae in example 3.5.
We check this result for all singularities of Milnor number smaller than 45 by computation. Common formulae have been derived in terms of the parameters (p, q, r). The cases 2 < p ≤ q ≤ r include three of the six exceptional sub-series. The vanishing of one special coefficient results in some special cases the occurrence of a splitting line. Similar formulae exist for T -series singularities of corank 2, i.e. of type with an z 2 -term. Here, we omit these equations.
Example 3.5 (T-series). Let X 0 be the germ of a hypersurface defined by f = x p +y q +z r +xyz with p ≥ 3, q ≥ 3, r ≥ 3. Then
We obtained the following polynomials generating the ideal I M ⊂ O S of the modular stratum M ⊂ S in all computed cases (p + q + r ≤ 46).
. . , f p , g 2 , . . . , g q−1 , h 2 , . . . , h r−1 , u 1 v 1 − P p (p, q, r)P (p, q, r) 2 t p−1 1 , t 1 v 1 − P q (q, r, p)P (p, q, r) 2 u q−1 1 , t 1 u 1 − P r (r, p, q)P (p, q, r) 2 v r−1 1 ), where f i := t i − P i (p, q, r)t i 1 , g i := u i − P i (q, r, p)u i 1 , h i := v i − P i (r, p, q)v i 1 , and with coefficients P i (p, q, r) := Q i k=1 P (p−k+1,q,r) i!P (p,q,r) i and P (p, q, r) := pqr(1 − 1 p − 1 q − 1 r ). A coefficients P p (p, q, r) is zero if and only if 1 k + 1 q + 1 r = 1 for some 1 ≤ k ≤ p. This is the case exactly when T p,q,r belongs to an exceptional sub-series T 3,3,k , T 4,4,k , T 6,3,k . For T 4,4,4 , T 6,6,3 and T 6,3,3 more than one of the coefficients P p (p, q, r), P q (q, r, q), P r (r, p, q) is zero and we obtain O M to be isomorphic to Q(xyz) for T 4,4,4 , and to Q(x 3 + xyz) for T 6,3,3 and T 6,6,3 . Only one coefficient P r (r, q, p) vanishes for all other singularities of an exceptional sub-series. In this case all local algebras O M are isomorphic to Q(x 3 + y 3 + xyz), or to Q(x 4 + y 4 + xyz), or to Q(x 6 + y 3 + xyz) respectively. If the singularity is not from an exceptional sub-series, none of the coefficients vanish, and the local algebra of the modular stratum is isomorphic to the Milnor algebra Q(f ) of the function itself. The isomorphisms are induced by a diagonal change of variables t 1 → αt 1 , u 1 → βu 1 , v 1 → γv 1 .
In the next example we shall take a closer look at three singularities from the 14 exceptional semi-quasihomogeneous cases. The isomorphisms between the local rings of their modular strata and the Milnor algebras of the defining functions are listed, which turn out to be rather complicated. They are all computed with the algorithm presented in section 5.
Example 3.6 (W 12 , S 11 and Z 11 ). We start with f = x 4 + y 5 + x 2 y 3 and choose (b 11 , . . . , b 1 ) := (1, x, x 2 , y, xy, x 2 y, y 2 , xy 2 , xy 3 , y 4 ) as representatives of a C-basis of the Tjurina algebra T (f ). 
We give the isomorphism for Z 11 and S 11 : name: S 11 equation: f = y 2 z + xz 2 + x 4 + x 3 z deformation: F = f + s 1 x 2 z + s 2 x 2 y + s 3 x 3 + s 4 xz + s 5 z + s 6 xy + s 7 y + s 8 x 2 + s 9 x + s 10 isomorphism: s 1 → − 3 6 5 2 7 2 11 2 2 6 23 2 67 2 x + 3 6 5 2 7 3 11 2 ·19·163 2 12 23 3 67 3 z s 2 → − − 3 13 5 5 7 5 11 5 2 15 23 5 67 5 y s 3 → 3 9 5 3 7 3 11 3 2 10 23 3 67 3 z + 3 11 5 4 7 3 11 3 13 2 10 23 4 67 4 x 2 − 3 9 5 3 7 3 11 3 41·307·587·32677569187 2 28 23 7 67 7 y 2 − 3 9 5 4 7 3 11 3 71·1759·516147191239 2 27 23 7 67 7 xz − 3 9 5 4 7 3 11 3 31·2280560407042079 2 30 23 7 67 7 z 2 name:
Z 11 equation: f = x 3 y + xy 4 + y 5 deformation: F = f + s 1 y 4 + s 2 xy 3 + s 3 y 3 + +s 4 xy 2 + s 5 y 2 + s 6 xy + s 7 ys 8 x 2 + s 9 x + s 10 isomorphism: s 1 → − 2 28 3 3 7 4 11 4 2399 4 x − 2 29 3 2 7 4 11 4 23·53·4405133 5 3 2399 6 y 2 s 2 → − 2 20 3 2 7 3 11 3 173·5879 5 2 2399 4
x + 2 20 3 3 7 3 11 3 2399 3 y + 2 18 7 3 11 3 59·569·49081·52566671·113887106221771273 3 2 5 7 2399 7 271 xy + 2 18 7 3 11 3 41·13677187·109919494930768288379 3·5 5 2399 6 271 y 2
We list the relevant equations of the modular strata of all 14 unimodal exceptional singularities below. The last monomial of the normal form induces in Q(f ) the Hesse form of the quasihomogeneous leading form f 0 . The representatives of a C-basis of T (f ) b 1 , . . . , b τ are given in the second column, which are used to fix a miniversal deformation F = f + i s i b i . The equations in column three describe the modular stratum in the base of this deformation. Note, that we omit equations of the form s i + O(s 2 ), because we may eliminate the variables occurring linearly in these equations. A minimal embedding with the remaining variables is given by the listed equations in the last column. In the miniversal deformation these remaining variables s i correspond to the monomials printed in bold.
K-equivalent function f , the isomorphism-class of the modular stratum does not change by definition. While µ(f ) is an invariant of K-class, this is in general not true for the isomorphismclass of the Milnor algebra [BY90] . Nevertheless, for singularities with τ = µ − 1 we have the following lemma. Proof. We have a decomposition of Q(f ) as a vector space
Then Ann(f ) has C-dimension µ − 1 and equals the maximal ideal 
Because of (1) this linear isomorphism is indeed an algebra homomorphism.
Due to the last lemma we can speak of the Milnor algebra of a hypersurface singularity in the case τ = µ − 1. Hence we can state the following conjecture, motivated by our examples. We found the modular strata to be of Milnor type in all computed examples. So one could ask more generally: For which singularities is the modular stratum of Milnor type?
Finding isomorphisms between local rings
In order to test the conjecture on above examples we have to look for isomorphisms between local rings of modular strata and algebras of Milnor type. We have used computer algebra and a direct approach, to find isomorphisms between algebraic local rings at least. This yields a method to check if two Artinian local rings are isomorphic. Proof. First note that e p •φ defines indeed an automorphism C[X] (X) → C[X] (X) iff p / ∈ V (det( ∂φ ∂x | x=0 )). The key observation is: e p (ã i ) is a reduced normal form for e p (a i ) with respect to G B . Hence all coefficients ofã i have to be mapped to zero by e p in order to have (e p •φ)(a i ) ∈ I B . Thus, all coefficients must belong to ker e p = m p .
The reduced normal forms in general are infinite series. Nevertheless, J is generated by a finite set of their coefficients. Hence we have to compute only finitely many terms, until we find either an isomorphism, or get V (J) ⊂ V (det( ∂φ ∂x | x=0 )). Assuming A ∼ = B, we choose M := M l to be the set of monomials of degree less than l. We increase l until V (J) ⊂ V (det( ∂φ ∂x | x=0 )), then we will find in fact an isomorphism ϕ : A → B. If A and B are not isomorphic, this process might never stop. But if it stops we may check for a surjection in the other direction. If we are successful this implies that A ∼ = B and our surjection are in fact isomorphisms. For Artinian algebras A and B we first check that their C-dimensions coincide. The we can choose M as the representatives of a C-basis of B. If the algorithm lead to a homomorphism ϕ : A → B this will be a surjective homomorphism of vector spaces of same dimension. Thus, ϕ is injective, too. If the algorithm does not succeed in finding a surjective homomorphism, then A and B can not be isomorphic. Of course we do not provide a complete solution for isomorphy testing between local algebras. Even for Artinian algebras of high C-dimension we will not be able to check their isomorphy in acceptable time. Nevertheless, for all our examples we found the nontrivial isomorphisms using this algorithm.
